We list the set of C and P conserving anomalous quartic vector bosons self-couplings which can be tested at LEP2 through triple vector boson production. We show how this set can be embedded in manifestly SU (2) × U (1) gauge invariant operators exhibiting an SU (2) c global symmetry. We derive bounds on these various couplings and show the most relevant distributions that can enhance their contribution. We also find that an e + e − collider running at 500 GeV can improve the LEP2 limits by as much as three-orders of magnitude.
Photonic Quartic Couplings
LEP has now crossed the threshold for Z pair production and therefore experiments can now study triple boson production like e + e − → W + W − γ, ZZγ, beside e + e − → γγγ, γγZ which may be studied at lower energies. These processes have the potential to study new quartic photonic couplings, photonic in the sense that at least one of the vector bosons is a photon. One should refer to these quartic couplings as genuine quartic couplings [1, 2, 3] contrary to quartic couplings that may emerge from an operator that induces for instance both a tri-linear W W γ coupling as well as a possible W W γγ, as required by gauge invariance. The latter (non-genuine) couplings can therefore be investigated much more efficiently through their tri-linear counterpart in, for instance, e + e − → W + W − .
An example of such a coupling is the much studied operator described by λ γ in the by now classic classification [4] , λ γ is sometimes referred to as the anomalous quadrupole moment of the W . From this perspective genuine quartic couplings can only be studied in triple vector boson production or through boson-boson fusion, the latter becoming a more efficient means at TeV energies [3] .
Let us note that quartic neutral couplings, 4 − γ , Z − 3γ, contributing to e + e − → 3γ
have already been studied in [2] and could be explored for energies below those presently available. Since these quartic couplings involve at least three photons, electromagnetic gauge invariance alone allows these couplings only if they emerge from dimension-eight (or higher) operators. On the other hand, anomalous couplings such as W W γγ or W W Zγ that contribute to e + e − → W + W − γ may be associated to dim-6 operators and are hence a more likely signal of a possible residual effects of New Physics. As a matter of fact W W γγ and W W Zγ are present in the SM at tree-level and as a consequence these types of couplings are more important to study. These quartic photonic couplings were first introduced in [1] in view of studying their effects on γγ → W + W − in the laser mode of the Linear Collider. They were derived by only appealing to electromagnetic gauge invariance and SU(2) c custodial symmetry. The phenomenology of these couplings has since then been studied in the next linear collider both in the e + e − [3, 5] , γγ [1] and eγ [6] modes. Very recently these couplings have been re-investigated for LEP2 energies [7] .
Unfortunately, as we will show, when studying the effect of genuine quartic couplings in e + e − → W + W − γ and e + e − → Zγγ, one needs to consider a larger set of structures than the two that have been written down for γγ → W + W − . The aim of this paper is to generalize the study we performed in [1, 3] and to review and clarify some of the issues related to the photonic quartic couplings.
The plan of the paper is as follows. In the next section, we start by first listing the leading quartic operators that contribute to e + e − → W + W − γ (and Zγγ). In writing down this list we will only appeal to explicit U(1) em gauge invariance as well as C and P conservation. In a sense these structures constitute the quartic counterpart to the tri-linear classification in [4] . In passing we will point out that a third "photonic" quartic coupling that has been entertained [6, 7] in the literature does in fact violate CP . We will then show how the different structures can be embedded within SU(2) × U(1) operators which we require also to exhibit the SU(2) c global custodial symmetry which leads to ρ = 1 in the limit of vanishing hypercharge coupling. This can be done either in the usual approach by exploiting the covariant derivative on the Goldstone-Higgs field (for notations and conventions refer to [8, 9] ) or in the non-linear chiral approach of symmetry breaking (see [8, 10] ). The explicitly SU(2) × U(1) approach together with the SU(2) global symmetry will allow to relate some W W γγ and ZZγγ structures, for example. In section 3
we turn to the analysis of these quartic couplings in e + e − → W + W − γ and e + e − → Zγγ.
We will derive the limits one may hope to extract and show the distributions which are most sensitive to these couplings. The case of the CP violating operator is relegated to an Appendix.
2 Structures which contribute to e
Zγγ and ZZγ
For LEP2, the processes of interest, and the lowest-dimension anomalous quartic couplings they are sensitive to, are
Due to phase space the latter process is marginal at LEP2. Note that for Zγγ production only one coupling is checked, ZZγγ, if one restricts oneself to the lowest dimension operators, otherwise a Z3γ which is of highest dimension may also contribute. Already at LEP2, one may also exploit e + e − → ννγγ as a testing ground for the quartic coupling W W γγ, as suggested in [7, 11] .
We start by listing all those genuine quartic bosonic operators that contribute to the latter processes and which are of lowest possible dimension, as it turns out, dim-6. We first only require electromagnetic gauge invariance together with C and P symmetry. At this stage the W W γγ, W W Zγ or ZZγγ couplings, for example, are not related. Each photon requires the use of the electromagnetic tensor
As we have shown elsewhere [1] , there can be only two basic Lorentz structures for the lowest dimension W W γγ operators. These map into the parameters a 0 and a c first introduced in [1, 3] .
Hence the two W W γγ Lorentz structures are:
where e is the electromagnetic coupling, g = e/ sin θ W = e/s W and Λ a mass scale characterizing the New Physics.
For W + W − Zγ, it is also easy to see that one can have a maximum of 5 independent structures. With g Z = e/s W c W and
Note that instead of the use of the field tensor, V µν , for one of the massive vector boson in Eq. 2.2, we could have used instead a simple derivative, ∂ µ V ν . However it is easy to show that using the derivative only maps into one/or a combination of the above if one is able to reconstruct the final polarisation of the W 's. Indeed both W 's in the former are preferentially longitudinal whereas in the latter, one is transverse and the other longitudinal, this is because in the latter the operators involve at least a field strength to describe a W .
It is straightforward to "convert" the above operators to genuine quartic couplings for ZZγγ and ZZZγ which contribute to e + e − → Zγγ and e + e − → ZZγ. One counts two independent operators for ZZγγ
and two for ZZZγ
Feynman Rules
The Feynman rules for the above operators are easy to derive. It is worth noticing that all the above operators can be expressed in terms of very few Lorentz structures. We define
k i stand for the momentum of the particle and {µ ν α β} are the Lorentz indices.
For the W W Zγ with no W W γγ equivalent, the last three structures in Eq. 2.2, three more structures are needed
For the couplings of four neutral bosons, it is useful to introduce
then taking all particles to be incoming, the Feynman rules are
Embedding in gauge invariant SU (2) c symmetric operators
All the above operators can be embedded in manifestly SU(2) × U(1) gauge invariant and SU(2) c symmetric operators, which are then C and P conserving. The construction has been explained at some length in [8] . For these kind of quartic operators it is more appropriate to use the chiral Lagrangian approach, which assumes no Higgs. The leading order operators in the energy expansion reproduce the "Higgsless" standard model. Introducing our notations, as concerns the purely bosonic sector, the SU(2) kinetic term that gives the standard tree-level gauge self-couplings is
where the SU(2) gauge fields are W µ = W i µ τ i , while the hypercharge field is denoted
The normalisation for the Pauli matrices is Tr(τ i τ j ) = 2δ ij . We define the field strength as, W µν
The Goldstone bosons, ω i , within the built-in SU(2) symmetry are assembled in a
This leads to the gauge invariant mass term for the W and Z
Incidentally, in the unitary gauge, V µ corresponds to the triplet of the massive gauge bosons W ± , Z. Note also that at the next-to-leading order in the chiral Lagrangian approach there are genuine quartic couplings, however they only involve the massive vector bosons, W W W W, W W ZZ, ZZZZ. These quartic couplings can not, unfortunately, be studied at LEP2. They are described, in the SU(2) c limit, [7, 6] , the fact that we have used a manifestly gauge invariant and SU (2) we then end up with only two independent parameters controlling W W γγ like in the analysis in [1] . With the constraint on the vanishing of W W Zγ, we can make contact with the original operators introduced in [1, 3] . We then have, with the constraint Eq. 2.31
On the other hand we can arrange the operators such that the SU (2) The argument in [7] that there can not be a dim-4 (in the U-gauge) operator with photons because of custodial symmetry is incorrect. The reason is U(1) gauge invariance as stated in [3] . The authors of [6, 7] consider another operator which contributes to W W Zγ but not to W W γγ. Though that operator can be made SU(2) c invariant it explicitly breaks CP (see Appendix) , and therefore we do not consider it here nor do we consider any of the quartic couplings that violate other discrete symmetries.
3 Linear approach to embedding the photonic quartic couplings
As shown repeatedly, see for instance [8, 12] , any operator can be made gauge invariant even in the linear approach with the presence of a Higgs. What changes is the hierarchy in the couplings. For instance the equivalent of the structures k 0,c are
and
Written in terms of the fundamental fields of the SM the above operators lead to quartic couplings but also to vertices with up to 8 legs! All the operators contribute to γγW W, γγZZ, γZW W, γZZZ, ZZW W, ZZZZ, while Q w 0,c contributes also to W W W W . When studying the quartic anomalous couplings, we can make the following equivalence
However the main difference is that in the linear approachà la SM , the operators are dimension 8 operators. Therefore to be consistent one should also list operators of the form F 4 µν which lead to 4γ. This shows once more that quartic operators are more likely in the event that there is no Higgs. This observation has already been made for the leading order W W W W, W W ZZ, ZZZZ operators [8] . The equivalent operators corresponding to k w,b,m 1,2,3 can also be easily written within the linear approach, but we refrain from doing so.
Analysis
The computation of the different cross sections have been checked at different levels by comparing the outputs of a hand calculation implemented in the program used in [3] against those of two automatic programs for the generation of Feynman diagrams and calculations of cross sections: GRACE [13] and CompHEP [14] . The former enables checks of the polarised cross sections. Moreover, with CompHEP all the new operators, even in their explicit SU(2) × U(1) forms, have been implemented at the Lagrangian level through an interface with LANHEP [15] . The latter, given the Lagrangian, automatically generates all the Feynman rules and vertices in a format which is read directly by CompHEP, therefore one can say that the checks have been performed even at the level of the Feynman rules, thanks to LANHEP [15] .
In all our calculations we have taken: photon. There are then other contributions, which depend on the 4-f final state, which are not mediated through the diagrams that contribute to W W γ with both W decaying. The full 4-fermion +γ contributions have been thoroughly studied very recently [16] . These background contributions, not going through the resonant W W γ contribution, are less important at LEP2 energies [16] . Moreover invariant mass cuts such that the 4-fermions reconstruct a W pair and are central (to reduce "single W" production), should drastically suppress these background contributions.
Already at this stage we can guess the main characteristics of the distributions. The use of the field tensor for the photon means that the anomalous terms lead energetic photons which will be preferentially produced in the central region, contrary to the SM photons which are essentially radiative bremsstrahlung photons. For LEP2 we confine our analysis to the ultimate LEP2 energy of 200 GeV and assume a luminosity of 150 pb −1 . For higher energies to illustrate how drastic the improvement is, we take √ s = 500 GeV and L = 500 fb −1 .
e
Our cuts on the photon energy, E γ , and its angle with the beam, θ γ , are such that E γ > 5 GeV and 20 0 < θ γ < 160 0 . The SM cross section is then .417 pb. With the design luminosity of 150 pb −1 this amounts to about 60 events, before any efficiency or selection factor is included. Fig. 1 shows the dependence of the total cross section, at √ s = 200 GeV, on the parameters k i . As discussed in the previous section, k 
We have also considered correlations for some specific combinations of couplings. As an illustration we show the correlations in the k We now turn to the distributions. As explained above we expect the distribution in the photon energy to be most revealing. This is borne out by our analysis where we do find that these couplings lead to energetic photons. To compare the various couplings we have chosen all k i such that they all give a 3σ increase in the e + e − → W + W − γ cross section at √ s = 200 GeV with L = 150 fb −1 . First, we note that all k i 0 give the same distribution. This is easily understood since we have found that these couplings interfered very little with the SM contribution and also because they all have the same Lorentz structure 2 .
However this is not the case for the other couplings. For this class of operators (k We take the same cuts on both photons as previously for e + e − → W + W − γ . We then have a cross section which is sensibly the same as the one for e + e − → W + W − γ : .416 pb.
As explained above we basically are probing only two parameters k For the 3σ deviations we extract − 0.95 10 Once again the most typical distribution is that of the least energetic photon, as we can see from Fig. 6 . Here again, given enough statistics it should be possible to disentangle between the two Lorentz structures. 
Improvement at high energy
All these couplings will be much better probed as the energy increases. We have found that a linear collider running at 500 GeV will improve these limits by as much as three orders of magnitude, especially for the k 0 couplings, see Fig. 7 . To extract the 3σ limits we have assumed the same cuts as those at LEP2, we have only concentrated on the use of the W W γ channel where we find the cross section to be 202.6 fb. Choosing one operator from each of the three sets, (k 0 , k c , k 1 ), and assuming a total integrated luminosity of 500 fb −1 , one will have the following constraints We have also analysed how the sensitivity on the above limits changes if one increased the cut on the photon energy from 5 GeV to 20 GeV. The limits hardly change.
Note that we can in principle also use other channels, like for instance e + e − → W W Z.
However this channel is more conducive to tests on the W W ZZ couplings which appear at a lower order in the energy expansion in the context of the chiral Lagrangian and are thus more likely.
Remarks and conclusion
We have given an extensive list of C and P conserving quartic bosonic operators involving a photon and which may be probed at LEP2. Previous studies have considered only two operators beside a third which we have shown to be CP violating. We have shown how these structures can be embedded in a fully SU(2) × U(1) and SU(2) c globally invariant operators. We have derived limits on these couplings from e + e − → W + W − γ and e + e − → Zγγ at LEP2. When constraining the different structures so that we reproduce the contrived models considered by the OPAL collaboration [17] and in [7] , our limits are consistent with theirs. We should however add a note of warning. The natural size of these couplings, k j i , should be of order unity for Λ ∼ 4πv ∼ 3TeV. Viewed this way the limits one will extract from LEP2 are not very meaningful and are much worse compared to the limits on the tri-linear couplings derived from LEP2. However the next generation of linear colliders can quite usefully constraint these operators, since we can gain as much as three-orders of magnitude compared to LEP2. Some order of magnitude on these non-renormalisable operators can also be set from their contributions to the low-energy precision measurements. However a study within a fully gauge invariant framework has not been done. A partial investigation [6] taking into account only two operators, with the restriction that no W W Zγ and ZZZγ ensue, has been attempted, however the approach taken in [6] leads to these operators not decoupling in loop contributions and therefore cast a shadow on limits derived this way. For a discussion of how to treat the loop effects of the anomalous operator on low energy observables one should refer to [12, 18] . 
A Appendix
In [7] where the W i are the elements of W triplet before mixing. Note that this Lagrangian differs from that of [6] by an overall i factor which would make it non hermitian. Expanding in the physical fields one would get:
Note now that properly going to the physical basis, the Lagrangian expressed in terms of the charged fields has an i as required by hermiticity. In the passage from Eq. A.1 to Eq. A.2, a i is missing in [7] . As explicit in Eq. A.2 this i is crucial for hermiticity. On the other hand it is quite explicit also that this coupling violates C and CP . Even if one had considered this coupling in computing e + e − → W + W − γ, without any (transversely) polarized beams or the study of specific correlations in the decay products, this couplings does not interfere with the SM amplitudes. Therefore one only has a quadratic sensitivity on this anomalous coupling It is also interesting to write this Lagrangian in a gauge invariant manner. For instance in the chiral Lagrangian approach we may write:
When written in terms of the physical fields this leads to the quartic couplings
we would then have with the correct i,
(A.5)
Note that this vertex when written in a gauge invariant manner also contributes to a W W ZZ vertex.
